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Thisanalysistreatstheairforcesandmomentsin supersonic
potentiaLflowonoscillatingtriangularwingsanda seriesof swept-
backsadarrowwingswithsubsonicleadingedgesandsupersonictrailing
edges.Forthewingsundergoingsinusoidaltorsionaloscillationssimul-
tsaeouKLywithverticaltranslations,thelinearizedveloci~potential
isderivedintheformof a powerseriesintermsofa frequehcyparam-
eter.Thismethodcaube usefulfortreatmentof s~ar problemsfor
otherplanformsandforwingsundergoingothersinusoidalmotions.
Fortriangularwings,asmanytermsof sucha seriesexpansionasmay
be desiredcanbe determined;however,thetermsafterthefirstfew
.becomeverycunibersome.

Closedexpressionsthatincludethereducedfrequencytothethird
power,an orderwhichis sufficientfora largeclassofpractical
applications,aregivenforthevelocitipotentialandforthecomponents
of-chordwise-sectionforceandmomentcoefficients.

Thesewingsarefoundto etibitthepossibility
sionaloscillationsforcertainrangesoftichnumber
theaxisofrotation.Therangesofthesepsmmeters
triangularwings.

ofundampedtor-
andlocationsof
me delineatedfor

INTRODUXTON

Thispaperisconcernedwiththederivationof expressionsforthe
velocitypotentislandassociatedforcesandmomentsforoscillating

. triangularwingsin supersonicflow.Theboundary-valueproblemfor
thelinearizedvelocitypotentialforanapex-forwardtriangularwing
oscillatingina supersonicmainstreammaybe classified,accordingto
reference1, as “purelysupersonic”iftheleadingedgesofthetriangle
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areoutsidetheMachconeemanatingfromtheapexofthetriangleor
“mixedsupersonic”iftheleadingedgesareinsidethisMachcone.

Inthepurelysupersoniccasetheprincipleof independenceholds;
thatis,theflowontheuppersurface-ofthewingis independentofthe
flowonthelowersurfaceandviceversa.GarrickandR@inow(refer-
ence1)haveshownthattheboundary-valueproblemforthevelocity
potentialinthepurelysupersoniccasecanbe satisfiedby simpledis-
tributionsof sourceswithlocalstrengthproportionaltothelocal
prescribednormalvelocityofthewing.

Inthemixedsupersoniccasetheprincipleofindependencedoesnot
hold. Boundary-valueproblemsforlift-producingwingsinthiscasec&
be satisfiedby distributionsof doublets;therelationbetieendo~let
strengthandnormalvelocityofthewingis,however,ingeneral,not
simple.Thedeterminationofthisrelationrequiresthesolutionofan
integralequationthatemploysthepotentialofa time-dependentunit
doubletaskernelandlhits of integrationthatdependonMachnmiber
andw@ pbllform.

Fortreatmentofproblemsthatinvolvebounderyconditionsthatare
independentoftime,suchasconstantangleofattack,constantrate“of
pitching,andsoforth,thedoubletpotential,employedaskernelofthe
integralequation,isconsideredindependentofthe andinthesecases

“

theintegralequationsfortriangularwingsc~be solvedbya straight-
forwardprocess. o

Fortrealmentofproblemsofoscillatingwings,however,itis
necessaryto employ,asthekerneloftheintegralequations,a doublet
potentialthatvariesharmonicallywithtimeandinthiscasethesolu-
tionoftheintegralequation,gen~ally,becomesverycumbersome.If
thedoubletpotentialorkernelisexpandedintermsofthefrequency
ofoscillation,however,usecanbe madeofknowledgeof soltiiomof
integralequationsforproblemsthatareindependentoftimeto obtain
auexpandedformof solutionfora wingundergoingharmonicoscillations.
Sucha procedurewasdemonstratedintreatmentsofrectangularwingsin
references2 and3. (Thederivationinreference3 isbasedoncm
erroneousargument,regardingcerta@termsinthenormalvelocity;
nevertheless;thefind e~ressiongivenforthevelocitypotentialis
correct.)

Thepurposeofthepresentpaperistomakeuseoftheexpanded
formofthevelocitypotentialto obtatitheforcesandmoments,based
onthefirstfewtermsofthispotential,fora rigidtriangularwing
performingverticalandpitchingsinusoidaloscillationsinmixedsuper-
sonicflow.Althoughasmanytermsoftheexpmdedpotentialasmaybe
desiredcanbe obtainedafterthefirstfewterms,theprocessbecomes
verycumbersome.Theflownormaltotheleadingedgeismibsonicbut



NACATN2457 3

theflownormaltothetrailingedgeisconsideredtobe supersonic.
Thislatterconsideration@lies thatthepotentialderivedfortrian-
gularplanformsmaybe usedtocalculatetheaerodynamicforcesand
momentsforotherplanformsthatmaybe formedwiththetriangularwing
by cuttingthetrailingedgessothattheylieaheadoftheMachcones
emanatingfromtheirforemostpoints.

Otherapproachestothesolutionoftheproblemofoscillating
trismgdsrwingshavebeengivenbyRobinson(reference4),Haskindand
Falkovich(reference5),andby Stewsrtson(reference6). Inboth
references4 and5 formalsolutionstotheproblemwereobtainedinterms
of specialsystemsofcurvilinearcoordinates.Robinson’ssolutionwas
givenintermsofa doublesummationoftrilinearconibinationsofBessel
functionsofthefirstkindwithLsm~functionsofthefirstandsecond
kinds. Similarly,thesolutionofHaskindandFalkovichwasgivenin
termsof summationsofBesselfunctionsofthefirstkindcombinedwith
ellipticintegralsofthefirstandsecondkinds.Inbothreferences4
and5 thepotentialswerenotreducedtousefulformsforcalculating
forcesandmoments.

Inreference6 Stewartsonmakesan interestingthoughspecialized
useoftheLaplacetransformationto developa methodwherebytermsof
thevelocitypotentialfortriangularplanforms,expandedasherein,
canbe obtained.Stewartsongivesformulasthat,exceptforerrors
presumablyimprinting,csnbeusedto developthepotentialto the
secondpowerofthefrequencybuthe omitsmsmydetailsh hisderivation.

.

.

SYMBOLS

disturbance-veloci~potential.

rectangularcoordinatesattachedtowingmovingin
negativex-direction

rectangularcoordinatesusedto representspacelocation
of doubletsin~-plsme

functiondefining
ofwhg suchas

verticalvelocity
sectionat y =

meanordinatesof anychordwisesection
Y’ yl as showninfigure1

at surfaceofwingalongchordwise
Y1

fiscissaofaxisofrotationofwingas showninfigure1
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time

verticaldisplacementofaxisofrotation

smplitudeofverticaldisplacementofaxis
positivedownwsxd

angleofattack

ofrotation,

amplitudeofangulardisplacementaboutaxisofrotatlonY
positiveieadingedgeup

timederivativesof h and a, respectively

velocityofmainstream

velocityof sound

free-streamllachnmiber(V/c)

frequencyofosculations

comrtsntsdepending

comrlmatsdepending

rootchordofwing

on PC

on J3Cand M

.

()MDreducedfrequencyT

hsE apexangle

representsfunctionsof Zj x,andM

functionsusedto denotedoubletdistributionfunctions

constantsassociatedwith Dn dependingon PC

——. .—— — —.



●

Semispanofwing

slopeofrqfpassingthroughvertexofwing

dummyvariables

density

localpressuredifference

sectionforce(totalforceatanyspanwisestation)

componentsof sectionforcecoefficients

sectionmoment(totalmomentabout x = ~ atany
spanwi.sestation)

componentsof sectionmomentcoefficients

totalcomponentof dsmping-momentcoefficient

Boundary-Value

IwiETmS

ProblemfortieVelocityYotentisl

5

Referredto a rectangularcoordinatesystemmo~ forwardata
uniformsupersonicspeedinthenegativex-direction(seefig.1)the
differentialequationforthepropagationofsmalldisturbancesthat
mustbe satisfiedby thevelocitypotentialis

(1)

Themaingoverningboundaryconditiontobe satisfiedbythevelocity
potentialisthattheflowbetangenttothesurfaceofthewing,or

(2)

where ~ istheverticaldisplacementofanypointofthewing. For
theparticularcaseofawing independentlyperformingsmallstiusoidal

.—..—.— —- -—- — —-—--- - .— . -.—— -. —-.,
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pitchingoscillationsofamplitude~ about
andsmdd.sinusoidalW21’’tiCd

quanti~ ~ inequation(2)
translationsof
is

NIK!ATN2457

somespanwiseaxis ~
smplitude%, the

-%)+%))=w-%)+h (3)

(Seefig.l(b)forsketchshowinginstantaneousdisplacementof sec-
tion.y = Y1. ) Forconvenience,thefrequencyofoscillationofboth
pitchingandtranslatormotionisdenotedby u. Consideringthese
motionsto occurat separatefrequencieswouldaddno difficultiesto
thederivation.

Ehibstitutingtheexpressionfor ~ (equation(3))intoequation(2)
gives

W(x,y,t) =va+&(x-xo)+i (4)

Equation(4)impliesthatthevelocitypotentialmaybe expressedasthe
sumof separateeffectsduetopositionandmotionofthewingassociated
withindividualtermsofthisequation,namely

$=#G+$&+

Derivationof

@h. (5)‘

6

Inorderto obtaintheanalyticalexpressionforthepotential~,
itisnecesssryto deriveonlyoneofthesubsidiarypotentialsappearing
inequation(5),ssy @a. Theothersuhsidisrypotentials#& and ~
canthenbe obtainedfromthederivedexpressionfor @a by simple
comparison.

In orderto satisfytheboundary-valueproblemfor @@ a convenient
procedureisto startwiththeexpandedformofthepotentialofa uni-”
formdistributionof doublets.Then,fora givenpowerofthefrequency
ofoscillationthispotential,aswill.be showninthefollowinganalysis,
canbe modifiedsothat,whenintegrationismadeovertheappropriate
region,theresultssatisfythedifferentialequation(1)tothegiven
powerofthefrequencyandsatis~theconditionoftsmgentialflow
exactly.Thetypeof dou31etrequiredisthatwithitsaxisnormalto
theplaneofthewing. Thepotentialof sucha“dofiletmaybe obtained

.

.

—. — .—
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fromthepotentialofa source,locatedintheplaneofthewing,by
partialdifferentiationwithrespecttothedirectionnormaltothe
planeofthewing. Similarly,thepotentialof’sdistributionofthe
requiredtypeofdoubletscanbe obtainedfroma distributionof sources
locatedtitheplaneoft.hewing.

‘.

Thepotentialat(x,Y,z)dueto
inregionr (illustratedinfig.2)
thedifferentialequation(1)maybe

—,

,.-. . . . .
..,. , .-.

sourcesLbcated’at@ints (&,~,O)
ofthexy-planewhichsatisfies
writtenas

(6)

where

and

R= (x - g)p - pqy - I& - p%?

EXPandingthetitegrandofequation(6)intoa powerseriesin ?5,
collectingtermswithrespectto ~,amddifferentiatingtheresulting
integralwithrespectto z givestheexpancledformofthepotential
ofa uniformdistribtiionof doublets,namely

?DVua=——
JY[ 4)1+ 2m-3+

ITaz +~$+...+~ . . . +
r

~(au*+%2’+... )+a&@-3+ . . . + . . .+

(7)

.

. ..-_— —___ _____ _._. --——— -z .— ..—— ...-
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where

and

(8)

(9)

Forconvenienceinthesucceedingdiscussionandanalysisequa-
tion(7)q be writteninthefollowingform:

t

An titerestingandsignificantproper@of equation(10)isthat
thecoefficientofeachpowerof ~ satisfiesthedifferentialequa-
tion(1)andhastheformofa sourceptentialwithstrengthpropor-

tionalto (~)ne-fig.Thispropetiw be shownbywritingthecoef-
\LL.j

ficientof ~n asfollows:

[
()](-1)m-1G ~-g ~ n*1+5 –R = — Cos

m=2(2m-2):M ()
-R

R M

-izi(x-g)co~ m -
() [=ia ‘e-ii@e ()~R
7n. R

(n)

——
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A moregeneralsolutionto equation(1)maythusbe obtainedby intro-
ducingproperlychosenweightor distributionfunctions(denotedby
~Dn(g,q)) intothecoefficientsof ~n inequation(10).Letthis
solutionbe denotedby @l;thenitcanbe writtenas

Examinationofequation(12)showsthat,atthesurfacez = O,the
potential41 isdeterminedby thefirstintegralexpressionbutthat
bothintegralexpressionsmaygiveriseto nmmalvelocity.In succeeding
stepsinthisanalysisit isshownthatthedistributionfunctionsDn(~,q)
inequation(12)csabe determinedsothatthefirstintegralexpression
takenalonewillexactlysatis~theboundaryconditionoftangential

()

NLflowfor @@Cthatis ~ = Vu. Also,aqyadditionalnormalveloc-
2=0

itythataxisesfromthesecondintegrslexpressioncanbe canceled,to
therequiredorder,by considerationofadditionaldoubletsolutionsto
equation(l). Theproblemof satisfyingthebound&y-val.ueproblemfor
thevelocity~otentia,l@a maythusbe reducedtothatofdetermining
theappropriatedistributionfunctionsandadditionalsolutionsto
equation(l).

Inorderto showthatthefirstimtegralexpressioninequation(12)
canbe madeto satisfytheboundsryconditionfor @@ thecoeffi-
cientV% appearinginthisequationisfirstconsidered.Ifthe
analyticalexpressionforthecoefficient~ (equation(8))ismulti-
pliedby # andsummedwithrespectto n,theresultisidentically
Vu. Thisresultmaybe shownas follows:

m“

E “ (m)n e-fi . vm~e-fi&Ya x%d = Vu — E Va (13)
n=o n= n!

.-

.-— —.
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It is significantthatthisidentityholdsifonlytermsin ~ to any
givenpowerareconsidered.Forexample,retainingonlytermsincluding
~ tothethirdpowergives

[

?ifY+i@x3val-iz&-~ )( ),T+xim +$x-+-

2(
H

# @x-x39—-— z Va
22

(14)

I?ext“considerthenormslvelocityat z . 0 associatedwith @l,namely

L

Examinationofthisquationandequation(13)revealsthatthefirst
tite~alexpressionontherightof equation(15)yieldsVa exactly,
providedthedistributionfur.ctionssredeterminedsothatthefollowing
integralequationis satisfied:

Thekernelofthisintegrslequationhastheformofa

(16)

steady-state
doubletpotential.Theprobiemof‘determiningthedistributionf&ctions
forthiscaseisthereforeanalogousto determinhgdistributionfunctions
forcertainsteady-stateproblems.Thedistributionfunctionsforsteady- .
stateproblems,atleastforthoseinvolvingconicalflow,canbe deter-
minedby a straightforwardprocess,themaindetailsofwhichareaiven
intheappendix.- Inthisappendix-amethodof solvingequation(16)for.
a triangularwingis derivedandthedistributionfunctionsrequiredto

.

.

—— — .—
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derivethevelocitypotentialforthiswingtothethirdpowerof ~
aregiven.It istobe notedthatthemethodderivedforsolvingequa-
tion(16)fora triangularwingmaybe generalizedto applytovarious
planformsandtoproblemsof satisf@ngtheboundaryconditionsfor
variousveloci~distributions.

Fromthispointon,theanalysisisrestrictedtothederivationof
termsoftheexpandedpotentialinvolving~ tothethirdpower.The
methodforderivingthesefirstfewtermsisquitegeneralandcanbe
usedto obtainasmanyadditio~ termsoftheexpandedpotentialasmqT
be desired.As previouslypointedout,however,termsofthepotential
afterthefirstfewbecomeveryunwieldy.

Ifthe_appropriatedistributionfunctionsareknownforterms
involvingm tothethirdpower,equation(1.5)maybe writtenas follows:

W1 =va+w2 (17j

where

istheadditionalverticalvelocityarisingfromthesecondintegral
expressioninequation(12)involvingZ5 tothe’thirdpower:In order
tomaintainthebound~ conditionfor @a,thisadditionalveloci@ W2
mustbe canceled.As previouslypointedoutthiscanceling,to a
requiredorder,canbe achievedby consideringotherdoti”letsolytions
to-equation(l). Forthisp@icular caseconsider
similarto #1 (equation(12))havingthefollowing

a relation~1
form: ‘

,,

+

1

-- .-. . . . —.—. — —- —. ..— —
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TheverticslvelocityWI,to thethirdpowerof @ arisingfromthis
expressionis

Inthisequationthedistributionfunctiom~. and 51 canbe deter-
mined,as discussedmibsequently,by themethodgivenintheappendixso
that filisidenticallyequalinvaluebuto~ositein signto F2.
Whenthesefunctionsaredetermined,theboundaryconditionfor @a is
satisfiedby W1 + =1 =VcL,whichimpliesthatthepotential@a tothe
thirdTowerof ~ isgivenbythesum

tothispowerof ~.

Expressionsfor ~. and El are
forotherdistributionfunctionsDo,
Inregsrdtothedeterminationof ~fi

v

—

(Zi)

giventogetherwithe~ressions
Dl, D2,and D3 intheappendix.
and 51Jaswellas otherorders

for En inmoreextendedtreatmentsitmayappearnecessary,inorder
to formulateintegralequationsforthesefunctions,toperformthe
generallyunwieldyintegrationsofthetype

(22)

appearimginequation(17).Ingeneral,howe~er,theinformationneces-
saryforthedeterminationofthefunctionsDn canbe obtained,as is
doneinthederivationofthefunctionsDn intheappendix,by exam-
- the~ues ofthese~teaals md thetiderivativeswithregardto
theparameter

Returming
expressionfor

~ atsomeparticularvalueOf e.9X=

to equation(21)andintroducingintothise uationthe
3d~(equation(w))andtheexpressionfor ~

.

—. —. .—. ——
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(equation(19)),eachtothethirdpowerof ?E,givesforthe
potential@a tothispowerof 6 thefollowingresult:

Sinceitmaybe shown,as inreference7, forexample,that

equation(23)reduces,at z = O,to

[( )@a=va LiZEX-~X2+ ~X3Do(X,Y)+
2

(23)

(
1

x@ D3(x,y)+#~-~X)50(x,y) +X3551 (X,y)
6

(24)

,

—
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which,aftertheexpressionsforthedistributionfunctionsgiveninthe
appendixaresubstittiedandthetermsareregro~ed,maybewrittenin
the

tie
sxe
the
and
The

followingsimpleform:

[
k =v“-% +(Al- ~)fi - u@x2- u#?P~+

~tities ~,
partofa grouy
appendix;these
expressionssubsequentlyderivedforforcesandmomentsinsimpleformt
quantities~ and hJ arefunctionsonlyoftheproductf3C(ratio

+ ukirdgl%?i] (25)

Al,and al, cr2,IS3,and U4 inthisequation
ofguantitiesAi, ~j> Uk,whicharedefinediR
-tities me s~tableforwritingthepotential

oftangent.ofthehalfapexangleofthetriangletotheMachangle)and
areshownplottedinfi.gures3 andk,respectively.Thequantitiesak
arefunctionsofMachnumberM andtheproductPC. Thesequantities
~ be evaluatedforparticularvaluesof M fromtheplotsof Xj in ,

-e 40 .

Thequantities~ and Al arethesame,as shouldbe eqected,
astheparametersassociated,respectively,withconstantangleofattack
andconstantpitchingoftriangularwingsofreferences8 and9.

EQressionsforthepotentials@& and ~ canbe obtainedby the
methoddiscussedforobtaining@@ ortheycambe obtainedtothethird
orderof ~ by comparisonandsy&hesisfromequation(23).After .
simplificationtheseexpressionsare

—— ———— ———
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At @C=lor C=A
P’

whichistheconditionatw~ch theMachlines

fromtheapexofthetrianglecoincidewiththeleadingedgesofthe
triangle,equations(23),(26),and(27)reduce,respectively,to

$+7~x3
210M2

(28)

( )]=*+5e -@-25&J?Y2-X”l-T-.90M2

(23)

For M = 1 orforvaluesoftheproductPC suchthat #C2 << 1,
equations(23),(26),and(27)reduce,respectively,to

(32)

—-—— ... -.. . . ... . .. .. . . ______ . . . .. . . . _. —_. .__ .,__ _. .__. . . .. —.. .—
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(33)

Theseexpressionsme thecounterpa@ofthe~otentialforvanishingly
small’triangularwingsin steadyflow(reference10)and~ thusbe
regardedasthepotentialofa smalltriangleoscillatinginpitchand
verticaltranslationineithersubsonicor supersonicflow.

ForcesandMoments

As ~intedoutintheintroduction,thevelocitypotentialforthe
triangularwingcanbeused’tocalculatetheaerodynamicforcesand
momentsforotherplanformsthatcanbe formedfrom.thetriangularwing
by cuttingthetrailhgedgessothattheylieaheadoftheMachcones
~ting fromtheirforemostpoints.Sketchesof differentplanforms
thusobtainedareshowninfigure5.

Theforceandmomentcoefficientsdesirableformostfluttercal-
culationsarethosethatyieldthespanwisevariationinthesequantities
orchordwiseforceandmomentcoefficients.Thesecoefficientsare
obtainedby integratingthepressuredifferencealongaq chordforthe
forcesandthepressuredifferencemultipliedbya momentsrmforthe
moments.A convenientprocedureinderivingthesequantitiesisto

bu)introducethereduced-frequencypar~ter ~ = k andto employthe

thevariablesx, Y, and xo ina newsenseasnondimensionalquan-
titiesobtainedbydividingtheoldvariablesby themaxhuumchord 2b
ofthewing.

Thepressuredifferencebetweentheupperandlowersurfacesofthe
wingis

‘P=-’$E+:)
r

(34)

Theforce,positivedownward,at anysectionofanyoftheplan
formsshowninfigure5 maybe expressedas ‘

—..——.—.——— --——— ..— —
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(35)

where xl hasthefollowingvalueswithrespecttothedifferentcon-
figurationsshowninfigure5:

InplanformA

Xl=l

InplanformB

Inplanformc

. ‘1 =
1+:

(%a)

(36b)

(36c)

InplanformD

xl. 1+: for
( )1

Osysm&-1

‘0’‘(~+’+ 1 (36d)

xl=&

~er theexpressionfor $$,givenby thesumofequations(25),(26),
and(27),isstistitutedintoequation(35)andtheintegrationisper-
formed,theresultsmaybe reducedtotheform

,

(37)

where

—-—. ——
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[
-~2A1 - 3j32M%2A3- 3#C2U2- 1}!21#?q-2x@l
3$%2.

M2P2al+@cr3 -492M2U5 -M2-1y2(@%2A3 +2#12X2-) T ,

G2—-
kc4Mwc%2- 8#c2u4-

1
8$%2M2”6)- cOsh-l:

‘k y4(4j#c2A3-
m ]~2~ +M2U1+ 4M2$%2U2 - 2x@2

In a similarmsmner,themoment(positiveleadingedgeup)
theaxis x=~.is

(38c)

M2ul+

(38d

about

(39)

.
———



19

r-[2%C2X12- y :X1 +

( @2M2kx122P2A1+ M2~l
)1[

+ 4M’2$2c%2+ - -
I#c Ck

l?k42
( ]

-1%y 2BXl+ M2U1+ 4M%2U1 cosh — - (@b)
@ Y

[ wA&+ 4 ~4A1- 4M2#C2A3- -M4.1-2M2p%1+.2M2#A2
CG $3

)]
cx~

4M4#C2U2 cosh-l— - 2x&l + L3+ %%)
Y

(40C)

.

.—. - .._. __— . ..— . ...
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.

) 16M%q4
al%l + (%w2- “~2M2CJl+ @a= -4M2~2tsK)-

5$6
J >J

)101&C2U4+ M%2U - 10M2$%2U6+5

4j3~+ai%q+5M934FU2+2M4cr3

2hf2$2U5+ 5&%2U6
1(

-q~+L4

+ 5M2f3%2cr2- l#a3~

+ &%2a4 -

)‘%+2 (40d)

(~+ ~) isthelift-force
ofthewing. ‘l!hereslpat

Inequation(37),forexample,thequantity
coefficientassociatedwithverticalmotion
~ isinphasewiththeverticalpositionofthe~ andt% complex
part L2 is90°outofphasewiththisposition.Similar,definitions
applytotheliftcoefficient(~ + fi4)associatedwithpitchingmotion
andtothemomentcoefficients(Ml+ iltJand(M3+ iM4).Thecomplex
orout-of-phasetermsdeterminetheaerodynamicdampimgassociatedwith
differentwingmotions.

Althoughtheexpressionsforthecomponentsoflift-forceandmoment
coefficientsinequations(38)snd(4o),respectivelyarelengtbyjthey
~be quiteeasilyevaluatedwiththeaidofthegraphsinfigures3
sad4.
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DISCUSSION

SampleCalculations

In ordertogivesomeindicationastothegeneralnatureofthe
sparrwisedistributionofthedifferentcomponentsofliftandmoment
coefficients,equations(38)and.(~)havebeenevaluatedatdifferent
spanwisepositionsy forplanformA (fig.5(a))forthefollowingset

ofconditions:f3c=0.5, c =1.0, ~/4w=o.6, M= 5 ,and k=O.1.
Thesesampleresultsareplottedas.functiomofspanwisepositionin
figure6. Thespanwisevsriat:onsofthedifferentcomponentsof lift
forceareshowninfigure6(a)andthecorrespondingvariationsof
momentcoefficientsin figure6(b). ~

In figure6 noteth&t,fortheparticularsetof conditionsforthis
example,themadmnmvaluesofthecomponentsofmomentcoefficientsMl)
M2,and M3 arepositivesmdactnearthetipsofthewing,whereasthe
maximumvalueofthecomponentM4 isnegativebutalsoactsnearthe
tips. Itmayslsubenotedthat’theintegrated(inspanwisedtiection)
valuesofwe componentsofmomentcoefficient,or componentsoftotal
momentcoefficient,wouldineachcasehavethesamesignasthemaximum
valueofthecorres~ondingcomponentof sectionmomentcoefficient.This
resultisnotnecessarilytrueingeneral,becausechang~ someofthe
parametersinvolvedintheevaluationofthespsxwisedistributionof
somecomponentsofbothforceandmomentcoefficientsmaychangethe
distributionssignificantlyfromthoseshowninfigure6.

ThefactthatthetotalcomponentofmomentcoefficientM4 is
negativeintheexamplejustdiscussedshowsthat,fortheconditionsof
theexample,thistermwouldnotcontributetotheaerodynamicdamping
but,onthecontrary,wouldactasa sourceofenerg fortheoscillating
system. Thiscircumstanceis significantsiuceitleadsto thepossi-
bilityofthesingle-degree-of-freedomtorsionalinstabili~discussed
inthefollowingpsmgraphs.

UndampedTorsionalOscillations

Thewingplan’fmms discussedherein,liketwo-’tiensionaland
rectangularwings,exhibitthepossibilityofundampedtorsionaloscil-
lationsforcertainrsmgesofMach,numberM andlocationof axisof
rotation~. Thisfactisborneout,‘asindicatedinthepreceding
wagraph, by considering
ponentof dampingmoment

theintegrated(spsmwise)valueofthecom-
M4 associatedwithpitchingortorsional

—. .,_-. ..—. _______ —.— ——— —— ..—
?
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motions.Themainresultsofthis
sideringveryslowoscillationsso

Phenomenoncanbe obtainedby con-
thatonlytermsinequation(40d)

for M4-involvingthereducedfrequencyk totheorderl/k needbe
retained.Inthiscase,

{

~~ 4xf
[ 1(#+l)%-A@M2 - 2) +

8(2M2- I)
L& +

k ‘F 3#C2

(41)

Forthetriangularplanform(fig.5(a))theintegratedvalueortotal
componentofmomentcoefficientis

~2
ii4=—

{
-(2M2+ l)% + 3(2hl?- l)Al+ 4x& -,(2M2- I)All+

2$2k

4%2(M2-l)%
}

(42)

orinstability
(42). Positive

Ingeneral,theconditionoftors~onalstability
dependsonthesignandmagnitudeof M4 inequation
valuesof R4 indicatestableconditionssadnegativevaluesindicate
thepossibility.oftorsionaJinstability.Betweenthestableandunstable”
conditions,thatiswhen M4 vanishesja borderlinestateofunstable
equilibriumseparatingdampedandundampedtorsionaloscillationsexists.

Therangesofvalues_ofMachnunberM andlocationofatisof
rotation~ forwhichM4 vanishesforsomeselectedvalues
of c = tanc areshownplottedinfigure7. Theregionsinsidethe
curveinthisfigureindicateinstability.Thedashedcurve,onwhich
someofthesolidc~es terminate,representsthelocusofvaluesof M
and ~ forwhichM4 vanishesforthe.wholeclassoftriangularwings
withsupersonicleadingedges,thatis,fortriangularwingswhere
pc21. Itwillbe notedthat ~ vanishesforvaluesof ~ aheadof

theroot~- chordposition.Itwillalsobe notedthat,asthevertex

.

.

—
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angle e = tan-lC decreasesto 30°,therangeofvaluesofMachnuder
forwhich X4 vanishesdecreasessharply.

Inconclusion,investigationofequation(42)showsthat,fora
givenvalueofthereducedfrequencyk,MachnumberM, andlocatio~of
theaxisofrotation~, themagnitudeofthedampingcoefficientMh
decreasesas C decreasesand,consequently,torsionalinstabilityis
lesslikelyto occurwithslendertrianglesthanwithwidertriangles.

LsmgleyAeronauticsJ.Laboratory
NationalAdvisoryCommitteeforAeronautics

LaagleyField,Vs.,June19,1951

.

— . ——_._— — —
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APPENDlx
.

METHODFOR~G DIS’TRDmIOIiFUNYI’IONS

Inthisappendixa methodofobtainingthedistributionfunctions
iddeveloped‘Indetail.Expressionsforthedistributionfunctions
requiredto derivethevelocitypotentialtothethirdpowerofthe
frequencyofoscillationsanda setoffunctionsusefulinwritingthe
expressionforthepotentislinconciseformaregiven.

AS indicatedinreferences8 and9,wherethetriangultiwingis
treatedforconstantangleofa%tackandforconstantrollingandpitching
motions,a convenientformofthe
distributionofverticalveloci~

velocitypotentialcorrespondingto a
proportionalto xn is

where u istheslopeofa raypassingthroughthevertexofthewing
(q= u~), 31 iStheleast~ue of ~ thatca~esthede~tor R

h the.integrandtovanish,and Fn(a)= ~ Dn(~,q) isthedistribution

functionthatistobe determinedsothat

(A@

In equation(Al),theintegrandisnotedtobe singularatthe
limit g = El. A formoftheintegrandwhichavoidsthisdifficultyis
obtainedbymakingthefollowingchamgeofvariables:

IT= px
/

~202 (e-& +~ (1- f%q
1-

(A3)

—.



,

where T is the new variable of integration. With these auhst+tutions equation (Al) becomes E
9

Q

c Fn(u)
cmh-l :

$n=~~JC ~~~ (q - N cosh T)n+2 d’r
g

(A4) ~

()ahand the corresponding expression for w= = ~ , which Is an in’tegreJequation for Fn(u),
Z=o ,

fs

=? (A5)

In this equation the value of Wn obtained by performing the indicated integrations and then
going to the limit z = O is the same aa the value that would be obtained by first going to
the limit and then performing the integrationbut neglecting 6i.ngularities,po~ed out sub-
sequently, that arise when the value of u .a_pproacheathe value of e. lkki.nguse of this
fact reduces the calculations involved and simplifies the integral eqmtion for Fn. Thus

passing to the limit gives for equation (m)
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AM). r Fn(u)dcr cosh-l-~

J
Nonq

‘n =
(

No —-
11 -c (1- J3%#)3/2o No

coshT
)

n+lcoshT dT

=x+ (A6)

where No isthevalueof N at z = O. Therequirementthatthenormal
velocitybe proportionalto @ ‘smdindependentof y impliesthatall
derivativesof equation(A6)withres~ectto y or 19mustvanish,or
that Fn(IJ)mustbe sodeterminedthatthefind valueoftheintegral
inthisequationbe independentof (3.Therequirementthatallderiv-
ativesof equation(A6)withrespectto 0 vanishleadsto otherequa-
tionsfor F= and,aftern + 1 suchdifferentiations,theequations
acquireformsfor~ch solutionsareknown.“ Thevalueof Fn canthen
be determinedfromtheselmown‘solutionsby evaluatingeachofthe

d..n
derivatives— atanyarbitraryvalue“of i3 intherange -C< e < C

deK
asfollows:

TheKthderivativeof Wn withrespectto e (equation(A6)) gives
thefollowingintegraleqwL.tionfor Fn:

d%n B2(n+ 2)
r

I?n(u)da—= -
d# II

f@+%(, :;2#p -,

+ (1- Ay ()

)n+~coshTNo coshT — @(T) dT= O
IT()

(A7)

.

“



NACATN 2457

where

27

(n::(::~)’k”:::h:r-’”● ● ● ‘(-’)%’No-KK(K-

When K = n + 1,theexpressionfor O(T) maybe recognizedasbeipga
binomialexpression,namely

( )I#I(T) =(n+ l)!~~uc:ay;hT“-$
n+l

o -q

= (n+l)!(~aNO+q)n+l

(-NO)n+:(q- NO CoshT)n+l

(n+ .1)!*+l

= (‘NO)n+l(q - ~, coshT)n+l
(.48]

_—.—_ _____ .__— _ -—-—..—— —
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Thus the integral equation correspondingto%~e n + 1 derivativeof Wn 16

dn+%n (-l)n+l(n + 2)!P“3x%+2 c—=
J

d@+l
If -c

. (-l)n+l(n+ 2)!~~~ c ‘n(u)

L
du=o

n (e”-rJ)n+3
(A9)

Further differentiationof ~n leads to other equations involving integmla similm to that h
equation (A9)and,as ?rLllbe seen subsequently,is not necessary for the determinationof Fn.

The Eingulezitvat u = L9 in equation (A9)isa resultof going to the Mmit z = O after
equation (A5)and,aspreciously@lied, ietobe ignored.

Consider the followlng equation similar to equation (A9):

(Ale)

It Is krmmby analogy with problems in incompres.dbleflow ad maybe shown by direct substi-
tution and reduction that this equation is satisfied for any value of n (n = 0, 1, 2$ . . .)
by the fumtion

-fo(u) = in (All)
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Thisfunctionalso

satisfiesequation

\

satisfiesequation(@) for~
dKwn

(A7)forallderivatives~

29

valueof n and

beyondthenth

derivative.Amore general.formof solutiontoequation(AIO)msybe
showntobe

fm= #{n

wherem isanintegerand m Sn. Thevalidity
follows,since

of

(e

(A12)

thissolution

U)r

- m m!~-r ns(e-u)n+3=r- (m-r)!r! (0-cr)n-r+3

(lX13)

(ink)

Eachtermofthesummationinequation(&l&)isfoundtohavetheform
oftheintegrandinequation(AIO)fromwhichthefunction(AU!)is
concludedto satisfyequation(AIO~andequation(A7)forallvaluesof
K>n.

Fromtheforegoingdiscussionsmdconsiderationthedistribution
fiction Fn(u)maybe uniquelydeterminedintermsofexpression(A12)
asfollows: I

Considertheexpression

Fn(a)=~fo +Alfl + . . .+~fn (A15)

wherethecoefficients~, Al, . . . ~ areconstantsthatareto
be determined.

Eachtermontherightof.”eqwtion(A15)isnotedto satis~equa-
tion(A7)forallderivativesbeyondthenthmd a totalof

——- .— .——-—— —
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n + 1 parametersis
ducedintoequations
equation(A6)andin

tobe determined.
(A6)and(A7)and
eq&ion (At)for

NACAm 2457
/

Ifexpession@l.5)isintro-
theindicatedintegrationsin
K= 1,2,... n exeperformed,

n + 1 ~e& equationsareobtainedin ~, AIY . . . & fromwhich
theseconstantsmaybe determined. ‘

~-eintegrationswithresyectto u inequations(A6)and(A7)are
ingeneraldifficultendtedioustoperform;however,aspreviously
pointedoutitisonlynecessarytoperformtheintegrationsforsome.
particularvalueof e intherange -C<8 < C. Thetitegr~sWve
theirsimplefiformwhen 8 = O andtheintegrationscanbe madefor
thisvalueof 8 by reductionsanduseof formulasinreference11.

i!hedistributionfunctionsFo(a), Fl(IY),F2(~), F3(u),~o(u),
and ~1(u)andfunctionsDn(& ~) calculatedby theforegoingmethodare
asfollows:

F. = ~~~ Do = ~/-

!?0= (A6+ A#aq/FGF

,-
where

k)=

Al .

%=(43++)V’==7

1- @2

#C2F’+ (1- #C2)E’

.

— — — —
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.

.
+ =

A3=

f%=

3=

J%=

*=

%=

%=

2dld3+ f3%2d22

!2dp

2dld3+ $%2d22

6d6

6d@6 + $%2d52 “

6d%

6d4d6+ &C2d~2

2(d1d8+ d2d7)

2d1d3+ #C2Q2

6(~dl + d@

6d4d6+ #C2d52

.

Thequantitiesd= aredefinedas

dl= 5(B~2 - 313%4)F’+ (2- 1013%2+ 613%4)E’
2(1- ~~2)2

.

— -.— ,_ — ..— —.. — ..—- ——
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2@&F’ - (l+j32C2)E’
%= (1- P2C2)2

~3= (313*2-&4)F’ - (6- 10@%2+ 2@c4)w
(1- $%2)2

~ = (9P*2- P%4)F’- (3+ 7@%2 - 2#C4)E’
(1- @c2)3

~ = (3@J2-9f3k4- 2B%6)F’- (6- 15J32c2+ 5@c4 - 4P6c6)E’
(1- $%2)3

d7= f3%2(E’-F’)

2(1: f$%)

f32&l?’- E’d8=
1- $%2

P*2 ~&2 - 3)F’+ (4- 2@2)E’]
%= 6(1- #C2)2

.

.

— —. .—
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Combinationsofthesefunctionsusefulforwritingthepotential
inconciseformare:

v%=%

2
A2-A4
—.A3

2

.

Itwillbe notedthatthequantitiesAi(i=O,l, . ..9) and
kj(j=l,2, . . .14)srefunctionsonlyoftheproductj3C.They

u tieshownplottedinfigures3 and4,respectively.Thequantities
Uk (k=l,2, ...6)

. productpC andcabe
plotsof Ai and LJ.

srefunctionsofMachnuuiberM
evaluatedforparticularvalues

andthe
of M fromthe

..—-—...— — .— ..— - —..— ——
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=.;’ X=X(-J’ x.~
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(b)Sectiony= yl (xZ-plane).

Figurel.-Sketchillustratingcoofinatesystemandthetwodegreesof
freedoma and h.
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Figure 2.- Sketch illustrdtig re@on of
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1

0
$C

Figure3.-VariationofthequantitiesAi as functionsof J3C.
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(a) j= 1,2,*3.
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(b) J=4,5,6,7,8, w

●✘ ●9 1*U

9.

Figure4.-Continued.
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.

(c) j = 10,11,12,13,and

.7 -g .9 1.0

14.

Figure4.-Concluded.
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(a) Plm form A. (c) Plan fomc.
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/

/

/

(b) PIEU form B. (d) Plan fozm D. .

Figure ~.- Hketches illustrating different plan forma for vhich the force
equations (38) ad mcunt equations (40) apply.
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Figure6.-Spanwise
“coefficientsfor
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(a)Liftforce.

tistributimof componentsofliftforceandmoment

% m= 0.6. 13C= 0.5;C = 1.0;k = 0.1;M= .
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(b)Moment.

Figure6.-Concluded.
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Figue 7.-Curves showing ranges of Mach nuMHr M ad axis of
rotation ~ for #nich the aerciiynmic torsional damping monant
vanishes for scnneselectedvalues of angle 6.
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